We introduce a purely categorical notion of Morita context between abelian categories, which extends the classical notion of Morita context for module categories as well as the Takeuchi's notion of Morita context for comodule categories (Takeuchi, 1977) . We prove an extension both of Morita's theorem on categories of modules and of Talceuchi's theorem on comodule categories for our general notion of Morita context. As an application of our theory, WC obtain an equivalence between certain comodule categories defined by any Takeuchi 
For example, it was shown in [4] that the "horn" functors associated to the context induce an equivalence between appropriate quotient categories of R-Mod and S-Mod.
A different approach was given in [6] , where it was proved that suitable modifications of the fimctors V& -and WI%R -provide an equivalence between the subcategories ,& and SC of R-Mod and S-Mod consisting of the trace-torsion-free trace-accessible modules. This theorem was the motivation of our work [2] , where we proposed a purely functorial notion of Morita context between Grothendieck categories, and we proved a generalization of [6, Theorem 51 for the there-called wide Morita contexts.
On the other hand, there is a version of the Morita's theorem on equivalence for categories of comodules over coalgebras, stemming from a notion of Morita context between two coalgebras (see [9] ). Of course, the fact that the Morita-Takeuchi context provides an equivalence between the whole categories of comodules via the cotensor functors forces that the context is strict in the sense of [9] . In this paper we will show, for an arbitrary Morita-Takeuchi context, the existence of an equivalence between appropriate subcategories of the categories of comodules throughout certain modifications of the cotensor product functors (see Theorem 4.2) . To do this, we introduce the notion of wide left Morita context between abelian categories. This is a dualization of the notion introduced in [2] for Grothendieck categories. This last concept will be called here wide right Morita context. We have extended our notions from Grothendieck categories to abelian categories because in this framework, we can use duality ideas to give an interpretation for wide right Morita contexts of any result on wide left Morita contexts. In fact, the main theorem of Section 2 (Theorem 2.4) improve the main theorem of [2] (see Section 3 and Theorem 3.1).
Preliminaries
If f : A 4 B and q : B -+ C are morphisms in a category, then the composite arrow will be denoted by g of or, sometimes, by gf. Keep the same for the composition of functors. By the word functor we refer to a covariant functor.
For a category -c4, and objects A and B of &, the set of all morphisms from A to B will be denoted by Hom&A,B).
With this notation, the opposite or dual category of JZZ is the category &"'PP whose objects are the objects of & but HomdaPP(A,B) = Hom&B,A).
Of course, the composition law of LzZ"PP is the composition of & in the reversed order. Every fimctor F : d + 9? can be considered as well as a functor F : d"PP 4 2P'P. The notion of complete, cocomplete and locally small abelian category is that of [7] . Categories of this type are the Grothendieck categories (the completeness can be deduced from the Gabriel-Popescu Theorem [7, Theorem X.4.1 and Corollary X.4.41). Now, we will recall briefly some facts about "torsion theory". A detailed amount can be found in [7, Ch. VI] . A preradical r of an abelian category L&' is a subfimctor of the identity functor Id. An object A of LZJ is said to be r-torsion free (resp. r-torsion) if r(A) = 0 (resp. r(A) = A). The full subcategory of ~2 consisting of all the r-torsion-free (resp. r-torsion) objects of & will be denoted by F(u) (resp. F(r)).
If A is r-torsion and B is r-torsion free, then Horn&A, B) = 0. A preradical r is said to be idempotent A class C of objects of J&' is said to be a pretorsion class (resp. pretorsion-free class)
if C is closed under quotient objects and coproducts (resp. subobjects and products).
If, in addition, C is closed under extensions, we speak of torsion (resp. torsion-free) classes. The assignment r H F(r) provides a bijective correspondence between the pretorsion classes of d and the idempotent preradicals of &. Dually, the assignment r H 9(r) is a bijective correspondence between the pretorsion-free classes of d and the radicals of ~2. These correspondences specialize to bijective correspondences between idempotent radicals and torsion (resp. torsion-free) classes. In particular, there is a bijective correspondence between torsion and torsion-free classes.
Let C be a full subcategory of an abelian category d. An injective object E of Se cogenerates C if Horn&C, E) # 0 for every nonzero object C of C. Analogously, a projective object P generates C if Horn&P, C) # 0 for every object C of C. Proof. We need only to prove the existence of r] +. Given a r-torsion object A of d,
Equivalences of categories
consider GA -+ C the cokernel of the monomorphism a,4 : G*A + GA. Since F is a left exact functor, we have the following commutative diagram with exact upper row
A 0
where FGA 4 K is the cokernel of F(c(A) and, so, F(CIA) is its kernel. Moreover, the exactness of the upper row guarantees the existence of the embedding K + F(C). Since C is s-torsion-free, we have that F(C) is r-torsion-free, whence K is r-torsion-free. This entails that any homomorphism from A to K has to be the zero map. Therefore, qAf is uniquely determined by the condition Our aim is to give a sufficient condition on the preequivalence data to obtain that G* and F' form an equivalence between certain full subcategories of .&' and 9?'. We will say that an object A of J!J is y-coaccessible if y]A is a monomorphism. Analogously, we can define p-coaccessible objects 93. For a preequivalence situation S we will denote by d(S) the full subcategory of d whose objects are the q-coaccesible and r-torsion ones. Analogously, a(S) will be the full subcategory of 3? consisting of the p-coaccessible objects and s-torsion objects. We have to prove first that G*A belongs to &J(S). Since G'A is s-torsion, it suffices to show that it is p-coaccessible. But this is a consequence of the equality GF(uA ) o PG*A = PGA o CCA. NOW, we will prove that ~2 is an isomorphism. From Propositions 2.1 and 2.2 it can be easily deduced that $ is a monomorphism.
Thus, we have only to show that Coker (y; )=O. Every homomorphism from Coker (~2) to E is determined by z : F'G'A -+ E such that z o y; = 0. We will prove that z = 0. Of course, we can deduce the following corollary. 
(Y(r)) C Y(s) and F(Y(s)) C Y(r).

Morita-Takeuchi contexts
Fix a commutative field k. Let C be a coalgebra over k with comultiplication d : C + C @ C and counit E: C -+ k. We refer to [8] for the details. The dual space C* = Homk(C, k) can be canonically endowed with structure of k-algebra. The structure map for a right C-comodule M will be denoted by 3, ,,J : A4 + M 123 C. The coalgebra C can be considered as a right C-comodule with structure map lc = d . The right C-comodules together with the C-colinear maps between them form a Grothendieck category JZ< In fact, ~2" is isomorphic to a closed subcategory of the category C*-Mod of all left modules over C*. In particular, the C-colinear maps between C-comodules are precisely the C*-linear maps between them. The following is the notion of Morita context between coalgebras introduced in [9] . is a torsion class in dc. Therefore, there is an idempotent radical rf : AC + AC such that its associated torsion class is yxerf. Analogously, we consider the idempotent radical rs : AD + AD. The cotensor functors can be modified as follows. For X E AC, define XQ M = T-, (X&M) and, for Y E ~3' D, define Y q , N = rf( Y q , N). We will prove the following theorem. We claim that t,(X) = Ker vx for every right C-comodule X. Once this claim is proved, the proof is finished. We know that Ker Rex E Cxer f, so that Ker qx C tf(X). Since ye is a natural transformation, the following square commutes:
where the horizontal maps are monomorphisms. Therefore, Ker Q,(X) = Ker vx n t&V. Now, Ker qt,(x) = t&Y) and, thus, tf(X) c Ker VX. This entails the equality t&Y) = Ker qx, which finishes the proof. 0
